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Abstract

The mass square difference varies as neutrinos interact with the matter,
assuming four flavours of neutrino oscillations. Three regions – vacuum-
dominated, resonance-dominated, and matter-dominated – are where the
neutrinos oscillate. This research goes on to examine how each of these
three locations affects the likelihood of neutrino oscillations and the mass
square difference in distinct ways. There are three alternative analytical
formulas for the mass square difference. In this study, we have studied the
behaviour of neutrino oscillations for four flavours in vacuum-dominated,
resonance-dominated, and matter-dominated regions.
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1 Introduction

With the help of the findings of numerous solar, atmospheric, accelerator, and
reactor experiments [1–3], neutrino oscillation has been very well defined.
Since the discovery of neutrino oscillations, the behaviour of the particles and
their propensities to oscillate between various flavours have been examined.
Since the mixing angle and the mass square difference affect likelihood. It
was discovered that these are impacted by the matter effect, which occurs
when neutrinos contact with matter. Although the precise mass of neutrinos
is still unknown, multiple medium and long baseline experiments [4, 5] have
provided the values of the mass square difference of various mass eigenstates
and mixing angles.

The solar neutrino mass square difference measured by the LSND
experiment is 0.2 < ∆21 < 100 eV 2 [6], whereas the solar mass square
difference measured by the MiniBooNe experiment is 0.01 < ∆21 <
1.0 eV 2 [7]. This experimental finding indicated the potential for sterile
(3+1) neutrinos [4, 5]. Four flavour neutrino oscillation is conceivable if
sterile neutrinos are predicted to exist. When neutrinos interact with matter
through neutral and charged current interactions, a rise in potential is seen,
which affects the oscillation probability and mass square difference [8]. The
outcomes of these interactions are determined by the neutrino energy as well
as the matter density, or the concentration of electrons and neutrons in the
matter. The three regions that make up the matter effect are the resonance
region (also known as the MSW effect), the matter dominated region (also
known as A ≫ ∆21, |∆31| [12], and the vacuum dominated region (also
known as A ≪ ∆21, |∆31|,∆41.

2 Framework for Four-Flavor Neutrino Oscillation in
Theory

Four-flavor mixing can be expressed as [9]: in terms of mass eigenstates.
ve
vµ
vτ
vs

 = U


v1
v2
v3
v4


where

U = R34(θ34, δ34)R24(θ34)R14(θ14, δ14)
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R23(θ23)R13(θ13, δ13)R12(θ12)

Rij(θij , δ) =

(
cosθij sinθije

−iδ

−sinθije
iδ cosθij

)
.

Here, δ represents dirac CP violating phase.
The following can be used to represent a Hamiltonian in four flavours in

a vacuum [10]

Hv =
1

2E
U


0 0 0 0
0 ∆m2

21 0 0
0 0 ∆m2

31 0
0 0 0 ∆m2

41

U †.

Thus the likelihood of neutrino oscillation can be expressed as [11]:

Pvα→vβ = δαβ − 4
∑
i>j

ℜ(UβiU
∗
αiU

∗
βjUαj) + 2

∑
i>j

ℑ(UβiU
∗
αiU

∗
βjUαj)

We already know that the hamiltonian changes as neutrinos go through
matter because their potential increases. This increase is the result of
neutral current scattering and coherent forward elastic weak charged current.
Charged current scattering is caused by the interaction of an electron and
neutrino pair. Consequently, the updated Hamiltonian may be written as [10]:

Hm = Hv +A =
1

2E

U


0 0 0 0
0 ∆m2

21 0 0
0 0 ∆m2

31 0
0 0 0 ∆m2

41

U †

+


ACC 0 0 0
0 0 0 0
0 0 0 0
0 0 0 ANC




where

ACC = 7.63× 10−5ρE and ANC = −3.815× 10−5ρE

The matter terms for current charge and neutral charge, respectively, are
ACCand ANC . We will utilise the standard hierarchical approach to tackle
the issue for |∆31|.
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2.1 Vacuum Dominated Region (ACC ≪ ∆21, |∆31|,∆41)

As stated in the section’s headline, the matter effect in vacuum-dominated
regions is small, meaning that interactions between neutrinos are insignificant
and do not raise the effective potential of moving neutrinos. In light of this
circumstance, we may therefore deduce the approximate values of the matter
terms ACC ≈ 0 and ANC ≈ 0.

Effective Hamiltonian can be expressed as follows from these values:

Hm = Hv =
1

2E
U


0 0 0 0
0 ∆m2

21 0 0
0 0 ∆m2

31 0
0 0 0 ∆m2

41

U †

This, in vacuum, is equivalent to the Hamiltonian.

Hij =

{
0 i ̸= j

∆i1 i = j

There is no such shift in mass square disparities in vacuum-dominated
regions.

2.2 Resonance Region (A ∼ ∆21, |∆31|)
The neutral and charge current in the resonance zone is sufficient to increase
the neutrinos’ potential, which will modify their mass square difference and
alter their chance of oscillations as well. The following is an example of an
effective Hamiltonian for this area:

Hm = Hv +A =
1

2E

U


0 0 0 0
0 ∆m2

21 0 0
0 0 ∆m2

31 0
0 0 0 ∆m2

41

U †

+


ACC 0 0 0
0 0 0 0
0 0 0 0
0 0 0 ANC




This, as a result of coherent forward elastic weak charged current and
neutral current scattering, closely resembles the effective hamiltonian. You
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can alternatively write the above form as:

U †HmU =


H11 H12 H13 H14

H21 H22 H23 H24

H31 H32 H33 H34

H41 H42 H43 H44

 = H

where:

Hij =

{
ACCU

∗
eiUej +ANCU

∗
siUsj i ̸= j

∆i1 +ACC |Uei|2 +ANC |Usi|2 i = j

Using Jacobi-Like Method [13] after the first rotation of the matrix H:
Following the initial rotation of the matrix H, one can use the Jacobi-Like

Method [13] to:

λ− =
H11 +H22tan

2ω1 − 2A1tanω1

1 + tan2ω1

and

λ+ =
H22 +H11tan

2ω1 − 2A1tanω1

1 + tan2ω1
.

When the expressions’ defined parameters can be expressed as:

tanω1 =
2A1

(H22 −H11) +
√

(H22 −H11)2 + 4A2
1

,

A1 = +|H12|
and

Φ1 = Arg(sign(A1)H
∗
12)

After the second rotation:

λ′
− =

λ+ +H33tan
2ω2 − 2A2tanω2

1 + tan2ω2

and

λ′
+ =

H33 + λ+tan
2ω1 − 2A2tanω2

1 + tan2ω2

When the parameters in the expressions have the following representations:

tanω2 =
2A2

(H33 − λ+) +
√
(H33 − λ+)2 + 4A2

2

A2 = +|H ′
23|,

Φ2 = Arg(sign(A2)H
′∗
23)
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and

H ′
23 =

H13tanω1e
iΦ1 +H23√

1 + tan2ω1

.

So now we can say that:

∆m
21 = λ′

− − λ−,

∆m
31 = λ′

+ − λ−

and
∆m

41 = H44 − λ−

2.3 Matter Dominated Region(ACC ≫ ∆21, |∆31)

In matter dominated region, neutrinos must be travelling in a dense matter.
The condition mentioned in the heading of this section A ≫ ∆21, |∆31| can
be approximated as A

∆i1
≈ 0 where i = 2, 3. Using this condition in the

expression of resonance region, the effective hamiltonian can be written as:
Neutrinos must be passing through a dense matter in an area where

matter predominates. The condition A ≫ ∆21, |∆31| given in the section’s

Figure 1 Variation of relative percentage change in Mass Square difference in resonance
region where energy varies from 0GeV to 0.5GeV where mixing angles are θ12 = 340θ13 =
100, θ14 = 340, θ23 = 3.60, θ24 = 40 and θ34 = 18.50, mass square difference in vacuum
are ∆21 = 8 × 10−5 eV 2, ∆31 = 2 × 10−3 eV 2 and ∆41 = 1.7 eV 2 and constant density
3 g/cc.
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Figure 2 Variation of relative percentage change in Mass Square difference in resonance
region where energy varies from 0.5 GeV to 10 GeV where mixing angles are θ12 = 340θ13 =
100, θ14 = 340, θ23 = 3.60, θ24 = 40 and θ34 = 18.50, mass square difference in vacuum
are ∆21 = 8 × 10−5 eV 2, ∆31 = 2 × 10−3 eV 2 and ∆41 = 1.7 eV 2 and constant density
3 g/cc.

headline can be roughly expressed as A
∆i1

≈ 0 where i = 2, 3. The effective
Hamiltonian can be stated as follows using this condition in the formulation
of resonance region:

U †HmU =


H11 H12 H13 H14

H21 H22 H23 H24

H31 H32 H33 H34

H41 H42 H43 H44

 = H

where:

Hij =


ACCU

∗
eiUej +ANCU

∗
siUsj i ̸= j

ACC(|Uei|2 +
ANC

ACC
|Usi|2 +

∆i1

Acc
i = j

Using a method akin to Jacobi [13]. The formulas obtained for the
resonance zone will be the same for this as well, with the exception that the
matrix’s parameters will change once the condition for various values of Hij

is applied. The graph below shows the variation in ACC for dense matter, i.e.
A ≫ ∆21, |∆31|, from less dense to very dense matter. Due to the fact that
∆m

21 = λ′
− − λ−, ∆m

31 = λ′
+ − λ− and ∆m

41 = H44 − λ−. The connection
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Figure 3 Variation of relative percentage change in Mass Square difference in matter
dominated region where density varies from 0 g/cc to 1500 g/cc where mixing angles are
θ12 = 340θ13 = 100, θ14 = 340, θ23 = 3.60, θ24 = 40 and θ34 = 18.50, mass square
difference in vacuum are ∆21 = 8× 10−5 eV 2, ∆31 = 2× 10−3 eV 2 and ∆41 = 1.7 eV 2

and constant energy 3 GeV .

H44−λ′
−+∆m

21 can be obtained from the expression ∆m
41. λ′

− and ∆m
21 do not

affect the value of ∆m
41 at resonance region, but at high density, the values are

comparable, therefore the change in ∆m
41 is also visible in the derived graph.

This change may become saturated at larger densities, just like ∆m
21 and ∆m

31.

3 Conclusions

When neutrinos interact with matter, the probabilities of neutrino oscillation
and the mass square difference are affected. Only in the case of neutrinos
is the normal hierarchy computation completed. The probability in vacuum-
dominated regions are nearly identical to those in vacuum, and the percentage
change in the relative mass square difference with regard to matter is
essentially identical to those in vacuum. The effective mass square difference
is growing in the resonance zone as the neutrino energy rises and the
oscillation probability changes. While there are no such impacts on ∆m

41 in
this location, the percentage change in mass square difference is found to be
in the range of 0 GeV to 10 GeV. However, there is a significant change in
the resonance region from region 0 GeV to 0.5 GeV, followed by a harsh
change in ∆m

21, a significant change in ∆m
31, as seen in the graph, and another
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drastic change after 3 GeV. The relative percentage change in the mass square
difference with respect to the matter varies depending on whether the region
is vacuum or resonance in a region where matter predominates.

Both the ∆m
21 and ∆m

31 alter and become saturated at about 99%. But
even though the sterile neutrino only interacts with gravity, the change in ∆m

41

has begun to rise. According to the expressions derived from the relationship
between ∆m

21 and ∆m
41, the extreme shift in in a dense substance that caused

the effective change observed has an impact on ∆m
41%.
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